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Discrete Analysis of Stiffened Composite Cylindrical Shells

James Ting-Shun Wang*
Georgia Institute of Technology, Atlanta, Georgia

and
Teh-Min Hsut
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Composite circular cylindrical shells with closed ends stiffened by equally spaced stringers and rings subjected
to combinations of uniform internal pressure, constant temperature change, and axial load are investigated. A
representative region consisting of a stringer, a ring, and the skin bounded between sections midway between ad-
jacent rings and stringers are considered in the analysis. The stringer, ring, and skin are treated as separate com-
ponents. Equations governing these individual components are coupled through interacting normal and shear
loads. The present analysis, which accounts for the interacting shear forces between the skin and stiffeners, and
allows for direct accounting of closed-end effects, contains improvements over an earlier analysis. Some
numerical results are presented.

a
b
er>es
(EA)r,(EA)5
(EI)r,(EI)s
h
L
Mr,Ms
Mx,My)Mxy
N N NIT X,J.T y,11 Xy

P Pr r>rs
P

Pr>Ps

QX*Qy
*0
T
u,v,w
vr,wr,vs,ws
x,y,z

Subscripts
r
s

Nomenclature
= shell radius
= stringer spacing
= eccentricities
= extensional stiffnesses
= flexural stiffnesses
= skin thickness
= ring spacing
= bending moments
= stress couples
= stress resultants
= axial forces
= normal loading component on skin
= normal loading components
= tangential loading components on skin
= tangential loading components
= transverse shear stress resultants
= ring radius
= temperature change
= midplane displacements of skin
= displacements of ring and stringer
= surface coordinates
= stress components
= strain components
= Airy stress function

= nng
= stringer

Introduction

ORTHOGONALLY stiffened cylindrical shells have been
widely used in aircraft fuselage designs and many other

structural applications. For vibration and buckling analyses,
it may bve satisfactory to smear the stiffness of the stiff-
eners and treat the stiffened shell as an equivalent or-
thotropic shell. Numerous papers are cited in Ref. 1. Such
smeared analyses give reasonable results for shells having
closely spaced stiffeners, where each half wave in the cir-
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cumferential direction contains a number of stiffeners.
However, for the buckling and vibration of sparsely stiff-
ened shells or for the stress analysis of stiffened shells, it is
desirable to treat the stiffeners and skin as separate struc-
tural components so that the local mode of vibration or
buckling and local peak stresses and strains may be deter-
mined. Such discrete analysis for vibration and buckling
have been considered by many authors, e.g., Refs. 2-7. A
stress analysis is presented in Ref. 1 for isotropic materials.
Following the general concept of analysis presented in Ref.
1, cylindrical shells made of composite materials are con-
sidered in the present study. The closed-end effect is directly
incorporated in the general analysis instead of the rather
cumbersome separate investigation in Ref. 1. While the ef-
fect of interacting shear forces between the skin and stiff-
eners is not accounted for therein, it is included in the pres-
ent analysis. In addition, the effect of temperature change is
also considered in this study. Some numerical results are
presented for illustrative purposes.

General Analysis
Orthotropic circular cylindrical shells stiffened by equally

spaced stringers and rings subjected to internal pressure and
temperature change are investigated. The linear elastic theory
is used in the study. The skin and stiffeners are treated as
separate components coupled through unknown interacting
normal and shear loads. These interacting loads are deter-
mined when the continuity conditions in the displacements
are applied. A representative region with the boundary along
the midlines between adjacent rings and stringers as shown in
Fig. 1 will be considered for the analysis. The governing
equations for the stiffeners and skin and their general solu-
tions expressed in terms of interacting loads will be presented
first. These unknown interacting loads will be determined
when the continuities of the displacements for the skin and
stiffeners are satisfied.

Stringer
Referring to Fig. 2, the equilibrium condition leads to

—— (Ps, VS,MS) = (ps,-qs, - Vs -pses) (1)

in which Ps, Vst and Ms are the axial force, shear force, and
bending moment, respectively; ps and qs the interacting



1754 J.T.-S. WANG AND T.-M. HSU AIAA JOURNAL

loads; es the eccentricity; and ws the transverse displacement.
The relationship between internal loads and displacements
are

dus

d2w

in which

(2)

(3)

(4)

(5)

The temperature change T, coefficient Es, and thermal coef-
ficient as are considered to be independent of x. As a result,
Pst and Mst are constants in the analysis. Substituting Eqs.
(2) and (3) into Eq. (1) and combining, one subsequently ob-
tains the following governing differential equations:

dps

(6)

(7)

where (EA)S and (EI)S are the effective extensional and
flexural rigidities, respectively. Representing the following
quantities by appropriate Fourier series:

and Mr are the axial force, shear force, and bending mo-
ment, respectively; pr and qr are interacting loads; er is the
eccentricity; wr is the transverse displacement; and R0 is the
radius of the ring. The relations between internal loads and
displacements are

(18)

in which

Prt=lE,a,TAA (20)

(21)

are considered to be independent of y, vr is the tangential
displacement of the ring, and (EA)r and (EI)r are the effec-
tive extensional and flexural stiffness, respectively.

Substituting Eq. (19) into Eq. (17), one obtains

Equations (15) and (16) may be expressed in terms of dis-
placements when equations (18) and (19) are used. They are

d2vr dwr dTr (23)

(ws,es,qs) = ( ^,€50.0) + £ ( Wsm,exm,qs
m)cosotmx (8)

(9)

and substituting them subsequently into Eqs. (6) and (7), one
obtains

(10)

(11)

in which oim=mir/L, L is the ring spacing, and m takes on
even integers.

1

1
(EI)san

(12)

(13)

(14)

Ring
Referring to Fig. 3, the equilibrium equations are

ds

ds
(16)

(17)

in which s, measured from the midpoint between stringers, is
the coordinate along the neutral plane of the ring; Prt Vr,

Fig. 1 Geometry.

Fig. 2 Stringer.
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(24)

where
(EI)rsr—— ,

r+(£/)/
Tr=Prl

Mr,

Inasmuch as the skin thickness is small, (R0 + er) =a will be
used in the subsequent derivations. Equations (23) and (24)
may be combined into the following equation:

rR -R0 ds R0
r ds

(En - i rt «( )r d*3 J ds3 R0 ds

where

(25)

Since Vr = 0 at y = 0 and b, Vr may be represented by the
following series;

(33)

As a result, e^ may be determined from Eq. (16) in conjunc-
tion with Eqs. (18) and (26-28) as follows:

1
(34)

(35)

Consequently, one obtains from Eq. (30)

#o* r
"AO--I——————"' '

Shell
The sign convention and some symbols are shown in Fig.

4. The equilibrium equations based on DonnelPs approxima-
tions are

(36)

(37)

(38)

(39)

(EA)r(EI)r

^ Rl[Rl(EA)r+(EI)r]

The transverse displacement, strain, and interacting loads are
represented by the appropriate Fourier series as follows:

Wr,er,<f) = ( W^,V2qro) (26)

(27)

in which /3B = mr/b. The variable y is the circumferential
coordinate along the mid-surface of the skin. Hence,

y=(as/R0) (28)

The extensional strain displacement relation is

•-Z+T- (2»C/o •**•()

Using Eqs. (24) and (25) and integrating subsequently along
y from 0 to b, one finds

Substituting Eq. (26) into Eq. (25), one obtains

(30)

(31)

where Cr
n and Dr

n are known constants.
Differentiating Eq. (29) with respect to s and subsequently

using Eqs. (23) and (31), one obtains

(32)

Fig. 3 Ring.

where Ar
n and Br

n are known constants.

+ N

Q + Qx x, xdx

Fig. 4 Skin.

xy, xdx

xy, xdx

x, xdx

N + N
x x, xdx
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(40)

where a is the radius of the cylinder; Nxt Ny, Nxy, Qx, and
Qy stress resultants; Mx, My, and Mxy stress couples; qx, qy,
and q surface loading components in the x, y and normal
directions, respectively. The strain displacement relations are

> — £y Z ™> y

(41)

(42)

(43>

where z is the normal coordinate, e°, e°, and y^ are strain
components at z - 0, which relate to displacements at z = 0 as
follows:

e^ = v,^ + w/a

(44)

(45)

(46)

The stress-strain relations for orthotropic materials account-
ing for the thermal effect are

(47)

(48)

(49)

(50)

(51)

(52)

i h/2
( C ] { a } T d z

-h/2

S h/2
z [ C ] { a } T d z

— h/2

where K and a are the curvature changes and thermal expan-
sion coefficients, respectively.

The temperature change is considered to be independent of
x and.y. Consequently, Nxt, Nyt, Mxt, and Myt are constants.
For a given layup, the material constants involved in Eqs.
(47-49) can be determined from classical laminate theory.
The relevant compatibility equation is

*x,yy + ey,xx ~ Jxy.xy = ~ ( 1 /«) W, «

Introducing the Airy stress function </> such that

(53)

(54)

(55)

(56)

which satisfy Eqs. (36) and (37), and using Eq. (48) in con-
junction with Eqs. (54), (55), and (56), the compatibility
equation (53) becomes

(57)

Combining Eqs. (38-40) in conjunction with Eqs. (49) and
(55), one obtains

+ D22w,y

= -q-(l/a)<t>,xx+(l/a)teydy

The loading functions on the shell are

(58)

(59)

(60)

(61)

The functions f ( y ) , g(x), f * ( y ) , and g* (x) describe the
variations of interacting loads across the width of the stiff-
eners. Since the deformation of the stiffener cross sections is
not considered in this analysis, these functions must be
reasonably assumed. A few distributions for/(.y) or f * ( y ) ,
for y ranging from (b/2-cs/2) to (Z?/2 + c5/2), are listed in
Table 1.

The quantity cs is the flange width of the stringer. The
same forms of distribution are applicable For g ( x ) and g* (x)
by simply changing y, b, and cs in Table 1 by x, L, and cr,
respectively, with cr being the flange width of the ring.

Expanding the surface loading functions given in Eqs.
(59-61) into appropriate Fourier series results in

1C

]C

(62)

(63)

(64)

where m and n take on even integers because of symmetry.
Through Eqs. (59-61), the Fourier coefficients in Eqs.
(62-64) are related to ps

m, qs
m, pr

n, and qr
n shown in Eqs. (8),

(9), (26), and (27), respectively, as follows:

O Ax (65)

Table 1 Distribution of f(y) or/* (y)

Type of distribution f(y) or
Concentrated d[y-( b/2) ]

Uniform

Linear

Cosine

1/c,
2 f / b\ yl b cs— \ ( l —— )+2— for————-<y<0
cs l\ cs) cs\ 2 2
2 [/ Z? \ yl b cs— ( 1 + — ) - 2 — for 0<y< — + —
csL\ cs/ c5J 2 2

7T 7T / ft \
——cos— I y — — }
2cs csY 2 /

(VyOn'Vymn ) = ̂

<lmn=fi<fm+8m<ln

in which

(66)

(67)

(68)

(69)
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(g, _ A f L
"*«)-7-Jo(ftg )cosa' (70)

The general solutions for transverse displacement, exten-
sional strains, and Airy stress function are represented in the
following general form:

X)

I <-

1. = ££ cosamxcospny +

J_

(71)

(72)

(73)

Clearly, the value of </>00 is immaterial and is taken to be
zero.

Substituting Eqs. (62-73) into Eqs. (57) and (58), one ob-
tains the following relations by comparing like terms:

(\/2L)qr
0-p+(\/a)(A2lX00+A22Y00-Nyt)=0 (74)

- (l/a)a2
m Wmn + (3mn<j>mn = bmnps

m + dmnpr
n (76)

in which all coefficients are known constants.
Solving Eqs. (75) and (76) simultaneously, one obtains

Wmn =Amnqs
m+Bmnps

m + Cmnqr
n+Dmnpr

n (77)

<t>mn =Emnqs
m +Fmnps

m + Gmnqr
n +Hmnpr

n (78)

except for JF00. The coefficient in Eqs. (77) and (78) can be
explicitly expressed in terms of known quantities.

Substituting Eqs. (54-56) in conjunction with Eqs. (62-73)
and (78) into Eq. (48), one obtains

(79)

(80)

Continuity Conditions and Solutions
So far, the general solutions for strains and transverse

displacements for stringers, rings, and the skin except e50,
Wrf, XQQ, YQQ, and WQQ axe expressed in terms of the
interacting loads. Expressions for e^, W^, Jf00, YQQ, and
WQQ will be established later. Note that

Y — W /n fRl\1 00 ~ "QQ/U ^Oi;

In order to maintain continuous deformation of the stiff-
eners and skin along the attachment lines, the following
relations must be satisfied:

1) Along x = L/2,

d2wr
6r dy2

2) Along y = b/2

dx2

(82)

(83)

(84)

w = w5 (85)

Using Eqs. (26), (71), and (72) in conjunction with Eqs.
(30-32), (77) and (79-81), Eqs. (82) and (83) lead to

Pn = ( Z-mntfm +

(86)

(87)

Using Eqs. (8), (71), and (72) in conjunction with Eqs. (10),
(11), (77), (79-81), Eqs. (84) and (85) lead to

- (88)

ncos^qs
m + {

D ( Cmnq'n

(89)

(90)

(91)

and 6,0 and Ww are related to qr
Q, qs

m, ps
m, and W^.

Substituting Eqs. (86) and (87) into Eqs. (89) and (90), one
obtains for eacl; m,

(Am -

B>m(..-,
£ CmnCQS L ~

(92)

l^cos—— \qs
n

\B"m-

=0 (93)

It is seen from Eqs. (92) and (93) that qs
m and ps

m can be
determined if qr

Q is represented in terms of qs
m, p?m and the
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applied loading. The overall equilibrium of the skin and the
stringer in the axial direction requires

f f t 1 bNxdy + Ps——pab--—Jo x s 2 2ira
(94)

where R is the resultant force in the longitudinal direction
without the effect of internal pressure.

Substituting Eqs. (2) and (47) into Eq. (94) using Eqs. (8),
(11), (14), (73), and (78), and knowing that Eq. (94) must be
satisfied for all values of jc, one arrives at

TTflf
(95)

Using Eqs. (81) and (91) in conjunction with Eq. (89), Eq.
(95) becomes

Using Eq. (81) in conjunction with Eq. (35) and WQQ, Eq.
(74) becomes

£21*00 + 42<?o = I) (*„<& + Bmps
m ) +paL + f (97)

m

Substituting Eq. (87) into Eq. (96) and solving the result with
Eq. (97) simultaneously, one obtains

(98)

0.2

I 0.1
y = 0.5 b

y = 0.3 b

W = 0.224" (MEMBRANE)

0.1 0.2 0.3 0.4 0.5
XA

0.2

I 0.1

x = 0

x = 1/2
= 3L/8

W = 0.224" (MEMBRANE)

0.1 0.2 0.3 0.4 0.5
y/b

Fig. 5 Normal displacement (p = 10 psi).

E (amqs
m+bmp*m)+D\BnT-B2l

m

( ~ ~ b \ b ~ 1(BnL-B2l-)pa-——B2lR\ (99)

where all coefficients are known constants.
Substituting Eq. (99) into Eqs. (92) and (93), one obtains

the following infinite set of algebraic equations:

(100)

where all coefficients can be expressed in terms of known
constants.

Upon truncation of various series to a finite number of
terms, q* and /?f can be obtained from Eq. (100). Once <?f
and psi are calculated, all other quantitfes can subsequently
be computed.

Numerical Example
For illustrative purposes, an example with the following

data is considered:

L = 20in., a= 117.5 in., 6 = 5.8 in., /z = 0.075in.
(EI)r = 0.269 x!08lb -in.2,

(EA )r = 0.592 x!07lb,er = 3.78 in.

(£/)5 = 0.142xl08lb-in.2,

(EA )s = 0.404 Xl07 lb,e5 = 1.10 in.
#0 = 113.72^1., c5/2 = 0.53in., cr/2 = 0.375 in.

x 106 Ib/in.

in./lb

The membrane solutions corresponding to internal pressure
p without the effect of stiffeners are

7Vx=1/2/?flr = 58.75p Ny=pa=U1.5p

w=pa2(V2B2l+B22)=p(\11.5)2[- (0.66/2) +1.95]

x l O ~ 6 = 0.022366;?

Results correspond to various effects including internal
pressure /?, temperature change T, externally applied long-
itudinal resultant force R are examined individually. All
results are computed based on the maximum value of m and
n of 20.
Case 1

Various results corresponding to internal pressure /?=10
psi are presented in Figs. 5-7. Figure 5 shows the variation of
normal displacement at various locations of the skin. Curves
shown in Fig. 5 indicate the bulging or pillowing of the skin
due to stiff eners. The maximum displacement occurring at
x=y = 0 as expected is slightly under 82% of the membrane
solution of 0.224 in. The minimum displacement occuring at
the ring location amounts to 62% of the membrane solution.

"0.664
0.221

0
"262

159

4.33

0.221

0.577

0
159

210

4.33

0 "

0

0.221
4.33 "

4.33

159
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0.3 0.4 0.5

Fig. 6 Longitudinal strain (p = 10 psi).

0.1 0.2 0.3 0.4 0.5

0.2 0.3 0.4 0.5

0.3

T OR T
Fig. 7 Circumferential strain (p = 10 psi).

X -2

-4

Fig. 8 Normal displacement.

ALONG x = 0

— — — ALONG y = 0

-I————————I———————h

OUTER

INNER

0.1 0.2 0.3 0.4 0.5

T °* f

Fig. 9 Longitudinal strain.

The longitudinal stress resultant Nx of 435-440 Ib/in. has
minor variations. As the resultant force of Nx in the skin at
its lowest value is equal to 435x5.8 = 2523 lb., the longi-
tudinal force carried by each stringer at its highest value
becomes [(0.5)(10)(117.5)(5.8)-2523] =884.5 lb. It may be
noted that, although the extensional stiffness of the stringer
(4.04 x 106 lb) is comparable but higher than the total
longitudinal stiffness of the skin (0.664X 106 x 5.8 =
3.85xl06 lb), the skin carries a substantially larger percen-
tage of total longitudinal force of (0.5)(10)(117.5)(5.8)
= 3407.5 lb due to the closed-end effect.

The circumferential stress resultant Ny ranges 784-888
Ib/in. and has noticeable variation along the longitudinal
coordinates. However, there is negligible variation with
respect to the circumferential coordinate. The value of Ny in-
creases from the midsection between the rings toward the
ring location. This trend may be attributed to the shear lag
effect.

The bulging or pillowing effect results in the bending of
the skin. The extensional strains at the inner and outer sur-
faces of the skin at various locations are plotted in Figs. 6
and 7. The severe locations due to the pillowing effect occurs
at the stiffeners.

Case 2
Various results corresponding to constant temperature

change T are presented in Figs. 8-10. The coefficients of
thermal expansion in the longitudinal and circumferential
directions are taken to be a 1 =6 .4x lO~ 6 in./in./°F and
a2 = 5 .2x lO~ 6 in./in./°F, respectively. Consequently,

Nxt=(alBll+a2Bl2)T=5AT

Nyt=(otlB2l+a2B22)T=4AT
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-0.15
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ALONG y = 0

OUTER

INNER

0.1

0 0.1 0.2 0.3 0.4 0.5
Fig. 12 Longitudinal strain (/?= -106 Ib).

0.2 0.3 0.4 0.5

Fig. 10 Circumferential strain.

0.04

0.1 0.2 0.3 0.4 0.5

0.02
0.1 0.2 0.3 0.4 0.5

Fig. 11 Normal displacement (/?= -106 Ib).

are considered. The temperature change occurring in the skin
only is assumed in the example. The coefficients B^ are the
elements of the inverse of the [Ay] matrix.

Case 3
Various results corresponding to longitudinal resultant

force R= - 106 Ib are presented in Figs. 11-13. The variation
of longitudinal stress resultant Nx is small. The maximum
and minimum computed compressive values are 652 and 602
lb/in., respectively. If one smears the longitudinal exten-
sional stiffness of the skin and stringers, the average
longitudinal stress resultant in the skin would be

0.08

0.06

0.04

0.02

0.1 0.2 0.3 0.4 0.5

OR 4-

Fig. 13 Circumferential strain (/?= -106 Ib).

R -106 0.664
2ira Dn + [(EA)r/b]

= -693. 5 lb/in.

2ir(117.5) 0.664 + 4.04/5.8

which means that the stringers have carried a greater share
of the load from the relative stiffness standpoint.

Conclusions
Orthotropic cylindrical shells stiffened orthogonally by

equally spaced rings and stringers subjected to uniform
pressure, temperature change, and axial load have been
analyzed by treating the shell, stringers, and rings as discrete
components. The analysis allows one to calculate the
stresses, strains, and displacements at any point in the stif-
fened shell. The closed-end effect is included in the analysis,
which represents an improvement of the previous analysis on
orthogonally stiffened isotropic shells.1
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